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Rethinking the latent representation in Hilbert spaces (Galerkin Transformer encoder layer

Overview on the shoulder of Giants

* Ever since the landmark [1], everyone is Transformer’ing, yet the mathematics
behind the attention mechanism is not well-understood.

e Re-interpreting the latent representation in R**¢ from: [

Yin\@;Q‘ \

Row=A word to {Column = A basis function in a Hilbert subspace}.

* Standing on the shoulder of Giants, the Fourier Neural Operator [2], the latent 7= @ 5 Attng | —
representation is interpreted “column-wise” (each column represents a basis on * The columns of query/keys/values contain the learned basis functions spanning certain \-:\ym =| K |=>(LN

a discrete grid), opposed to the conventional “row-wise”/ “position-wise”/“word- subspaces of different Hilbert spaces. @ ™ / ' P |add _'_' dd _'
=» LN

. 9 . . . . . Vi, |V "
wise” interpretation of the attention in Natural Language Processing (NLP). * The latent approximation spaces will be enriched by span{w; € Xj, : wi(x;) = (04(x));;,1 < j < \ - & W,

d} c /£ to try to capture how an operator of interest responses to the subset of inputs.
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Fig. 2. Extracted latent bases during evaluation for the coefficient to solution mapping for Darcy interface problem two basis

* Softmax normalization, or its kernelized approximation, is not a necessary com-

ponent in encoder-only models. Fig. 5: Transformer encoder layer using Galerkin-type layer normalization.

* The Galerkin-type attention (a linear attention without softmax) has an archi-
tectural approximation capacity to represent explicitly a Petrov-Galerkin pro-
jection under a Hilbertian setup.

* The Galerkin-type scaled dot-product attention Attn,(y):=Q((Ln(K))' Ln(V))/n.
The simple attention operator without softmax is

Attngimple : R > R™, §—y+Attn(y), y—y+g@),

* The Galerkin-type attention operator has a “translation” capacity to represent

la(q,k)—b(k,v)|
2] ’

* A Galerkin projection-like layer normalization scheme together with mesh-
weighted (1/v/n) instead to tame the explosive matrix product.

min || a(query,-) — b(-,Values)”dual space of keys — min sup
values U kekeys

thus to learn a latent representation space on which the input (query) and the * Positional encoding is recurrently enriched in every encoder layer/head.

output (values) are “close”, and this closeness is measured by how they respond
to dynamically changing keys (functional norm).

functions from the first (left two) and the fourth (right two) encoder layer in the Galerkin Transformer. o Compu tational complexi ty is O(n dg) cheaper than those with exponen tial fea-
)

ture maps (Random Feature Attention, FAVOR+ in Performer, etc.).

(GGalerkin

Fourier or

* Replacing half of the trainable parameters in FNO by Galerkin Transformer
encoder, the model’s evaluation accuracy is significantly improved in PDE so-
lution operator learning benchmark problems. Galerkin Transformer encoder-

* A new projection weights initialization scheme inspired by the Neural ODE
layer propagation scheme and the proof of the Cea-type lemma.
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only model is capable of recovering coefficients (inverse coefficient identification) : =TI | 0 ,' KT | E
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Fig. 1. Self-attention mechanism in the classical Transformer (figure reproduced from Attention is All You Need).

* vin =Y, Yout € R**¢, input/output sequences; positional encodings added.

Theorem. Q, c 2 and V, c ¥ are the current approximation space, suppose there exists a continuous
key-to-value map that is bounded below on the discrete approximation space, i.e., the functional norm
of v+— b(q,v) is bounded below for any q, then for gs consists a Galerkin attention composed with a
channel reduction map

* Latent representations: query @, key K, value V generated by 3 trainable ma-
trices W WE WV eR?4: Q =yWQ, K =yWX V =yWV.

* For Attn,(y) := Softmax(d""?QK")V. The full non-masked self-attention can
learn a map with an input being a variable length latent representation and
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